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1. INTRODUCTION
The aim of this paper is to study the elliptic operator
L0,(x)= 12 tr[C(x) D
2,(x)]+(F(x), D,(x)) , x # H, , # C 0 (H),
where H=Rd, and the corresponding elliptic or parabolic equations:
*,(x)& 12 tr[C(x) D
2,(x)]&(F(x), D,(x))= f (x), *>0, (1.1)
and
{
u
t
(t, x)=
1
2
tr[C(x) D2u(t, x)]+(F(x), Du(t, x)) ,
(1.2)
u(0, x)=,(x).
If the coefficients C and F are continuous and bounded and C is non-
degenerate then a satisfactory theory of both equations is available; see
[18], [15]. The situation changes dramatically when the coefficients F and
C are unbounded. In this case even uniqueness of solutions becomes
problematic as shown by the example
.& 12 .xx&x
3.x=0,
which has a bounded non zero classical solution; see [20].
The main goal of this paper is to study equations (1.1) and (1.2) in case
of unbounded F and C. We will consider well-posedness of problems (1.1)
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and (1.2), regularizing properties and large time behaviour of solutions to
(1.2) and regularity of solutions to (1.1).
Let us note that elliptic and parabolic equations with unbounded coef-
ficients are important for the study of a dynamical system
dX(t)
dt
=F(X(t)), X(0)=x # H, (1.3)
perturbed by noise in which case the assumption that F is bounded is not
natural. In fact, system (1.3) can have several invariant measures and it is
important to select the more ‘‘significant’’ ones. An approach proposed in
[13] is to consider the unique invariant measure of the stochastic differential
equation
{dX(t, x)=F(X(t, x)) dt+B(X(t, x)) dW(t),X(0, x)=x # H, (1.4)
and then study its limit for B  0; see [13]. In (1.4) W stands for a
standard Wiener process on H and BB*=C.
In this paper we assume that F and B fulfill a monotonicity assumption
and that B is non degenerate.
A quite general existence result for (1.1) and (1.2) was proved by S. Ito^
in [17] but under his assumptions uniqueness does not hold in general.
Under our assumptions a natural space in which one has well posedness of
problems (1.2) and (1.3) is the space Cb(H ) of all uniformly continuous
and bounded functions ,: H  R; see Krylov [20], Cerrai [7, 8], and
Lunardi [19] for a deterministic approach. If problem (1.2) is well posed
in Cb(H ) then it defines a semigroup (Pt), associated to equation (1.4) by
the formula
Pt ,(x)=E[,(X(t, x))],
for any , # Bb(H ).1
The next step is to show that (Pt) is irreducible,
Pt IU (x)>0, x # H, U/H open,
and strongly Feller:
Pt , # Cb(H ), , Borel bounded t>0.
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1 We denote by Bb(H ) the Banach space of all Borel and bounded function ,: H  R,
endowed with the sup norm.
Then we show that there is a unique invariant measure & for (Pt) that is
|
H
Pt,(x) &(dx)=|
H
,(x) &(dx), , # Cb(H ),
which is absolutely continuous with respect to the Lebesgue measure *,
that is there exists \ # L1(H, *) such that &(dx)=\(x) *(dx). This gives us
a bigger class of well-posedness for problems (1.1) and (1.2), namely both
problems are well posed in every space L p(H, &) for p # [1, ). We recall
that some classes of well-posedness in suitable weighted spaces are given in
[2] and [6]. However, in both papers the weight is chosen rather
arbitrarily in advance, whereas in our case it is determined by the equation.
Moreover, the existence and regularity of invariant measures were studied
under very general assumptions on coefficients, see [5] and [4]. However
our main purpose is to study regularity and qualitative properties for solu-
tions of (1.1) and (1.2).
Given the unique invariant measure & we prove that the operator L0 is
closable on L p(H, &) and then derive a useful identity
|
H
L,(x) } ,(x) &(dx)=&
1
2 |H |C
12(x) D,(x)| 2 &(dx), , # D(L), (1.5)
where (L, D(L)) is the closure of (L0 , C 0 (H )). Let us note that (1.5) is
easy to obtain for C 0 (H ) functions but an additional work is needed to
show that C 0 (H ) is a core for L and hence (1.5) hold for every , # D(L).
Let us note that (1.5) does not imply that a Dirichlet form (see [21],
[12]) can be associated with the operator L0 . For this it would
be necessary to find an expression for the integral H L, }  d&. We can do
this under the additional assumption that D log \ # L2(H, &; H ), see
Proposition 3.7 below, see also [27] for similar results.
The identity (1.5) implies that the domain of L is included in the
weighted Sobolev space
D(L)/W 1, 2C (H, &).
Identity (1.5) is an important ingredient for the study of asymptotic
properties of the transition semigroup (Pt). We prove that (Pt) is
L2-ergodic and we show that Poincare inequality holds if and only if the
convergence rate of Pt , to (,, 1) in L2(H, &) is exponential. We also
prove that the logarithmic Sobolev inequality holds for the measure & and
therefore there is a gap in the spectrum of L in L2(H, &) and Pt is hyper-
contractive for every t>0. Finally, we show that Pt is compact for t>0.
The last part of the paper is devoted to the study of regularity properties
of the solution , to elliptic equation (1.1) when f # L2(H, &). When Pt is
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symmetric in L2(H, &) we show that the domain of L is W 2, 2(H, &). We
also discuss some generalization in the case when (Pt) is not symmetric.
2. GENERAL PROPERTIES OF THE TRANSITION SEMIGROUP
In this section we state our main assumptions. They imply that equation
(1.4) has a unique solution X(t, x). Then we show that the corresponding
transition semigroup (Pt) is irreducible and strongly Feller. Also we show
the existence and uniqueness of an invariant measure & that is absolutely
continuous with respect to the Lebesgue measure. Finally we study some
regularity properties of the corresponding density.
Several results included in this section are known, see S. Cerrai [7, 8],
[5]. However, we present here proofs of some non standard facts for the
reader’s convenience.
We shall assume2
Hypothesis 2.1. (i) The mapping F : H  H belongs to C1(H ; H ), and
the mapping B : H  L(H ) to C1(H ; L(H )).
(ii) There exists =>0, such that
C(x)=I, x # H. (2.1)
(iii) There exists | # R such that
2(F(x)&F( y), x& y) +tr[(B(x)&B( y)(B*(x)&B*( y))
| |x& y|2, x, y # H. (2.2)
The following result is known, see [20], [7].
Theorem 2.2. Assume Hypothesis 2.1. Then there exists a unique solution
to (1.4).
Our main goal in the following is to study equation (1.4) under an addi-
tional assumption which yields existence of an invariant measure for (1.4).
For more general assumptions ensuring existence of an invariant measure
see [5].
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2 If H and K are Hilbert spaces we denote by Cb(H ; K ) the Banach space of all uniformly
continuous and bounded mappings from H into K, endowed with the sup norm & }&0 .
Moreover, for any k # N, C kb(H ; K ) will represent the Banach space of all mappings from H
into K, that are continuous and bounded together with their Fre chet derivatives of order less
or equal to k endowed with their natural norm & }&. If K=R we set Cb(H ; K )=Cb(H) and
C kb(H ; K )=C
k
b(H ).
Hypothesis 2.3. There exist:
(i) a concave function g: [0, +)  [0, +), such that the solution
to the equation
{’$(t)= g(’(t))’(0)=’0
is bounded on [0, +) for every ’0 # [0, +).
(ii) we have
2(F(x), x)+tr(C(x))g( |x| 2), x # H. (2.3)
In particular condition (2.3) holds when g(r)=a&br:2 for a certain
:2, a, b>0, and
2(F(x), x)+tr(C(x))a&b |x| :, x # H.
The following result is proved in [7].
Lemma 2.4. Assume that Hypotheses 2.1 and 2.3 are fulfilled. Then
sup
t0
E |X(t, x)|2<+. (2.4)
For t0 we define the transition semigroup:3
Pt ,(x)=E[,(X(t, x))], , # Bb(H ). (2.5)
It will be also useful to consider the transition semigroup (Pnt ) corresponding
to the process X stopped at exit time from the ball Bn :4
Pnt ,(x)=E[,(X(t 7 {
x
n , x))], x # Bn , , # Bb(H ), (2.6)
where
{xn=inf[t0 : |X(t, x)|n].
The generator of the semigroup (Pnt ) will be denoted by L
n. Ln is
the realization of L0 as an operator on Bn with the Dirichlet boundary
conditions. Notice that if ,(x)0, then we have
Pt ,(x)Pnt ,(x), x # H, , # Bb(H ). (2.7)
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3 We denote by Bb(H ) the space of all bounded Borel mappings from H into R.
4 Bn=[x # Rd : |x|n]
Lemma 2.5. We have
lim
n  
Pnt ,(x)=Pt,(x), t0, , # Bb(H ), (2.8)
uniformly on bounded sets of H.
Proof. Let , # Bb(H ). Then we have
|Pt ,(x)&Pnt ,(x)||
|X(t, x)|n
,(X(t, x) dP
&,&0 P( |X(t, x)|n)

1
n2
E[|X(t, x)|2].
Now the Ito^ formula and (2.2) yield existence C(t)>0 such that
E[|X(t, x)|2]C(t)(1+|x| 2).
Thus the conclusion follows. K
Proposition 2.6. Assume Hypothesis 2.1. Then the semigroup (Pt) is
irreducible and strongly Feller.
Proof. Let us recall first a well known fact that the stopped semigroup
(Pnt ) is irreducible and strongly Feller. Therefore, irreducibility of (Pt)
follows from (2.7) since (Pnt ) is irreducible. Let us prove the strong Feller
property. Let , # Bb(H ) and x, y # Br . Then for any n # N we have
|Pt,(x)&Pt ,( y)||Pnt ,(x)&P
n
t ,( y)|+|Pt,(x)&P
n
t ,(x)|
+|Pt ,( y)&Pnt ,( y)|.
In view of Lemma 2.5 for any =>0 there exists n=>r such that
|Pt ,(z)&Pnt ,(z)|
=
3
, z # Br , nn= .
It follows
|Pt ,(x)&Pt,( y)||Pn=t ,(x)&P
n=
t ,( y)|+
2=
3
, nn= .
Since (Pn=t ) is strongly Feller the conclusion follows. K
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The following result is proved in [4]. However we give a proof for the
reader’s convenience.
Proposition 2.7. Assume Hypotheses 2.1 and 2.3. Then there exists a
unique invariant measure & for the semigroup (Pt). Moreover, & is absolutely
continuous with respect to the Lebesgue measure * and
\(x) :=
d&
d*
(x)>0 *-a.e.
Proof. In view of (2.4) the existence of & follows from the Krylov
Bogoliubov theorem. Uniqueness follows from a result due to R. Z.
Has’minskii, see [11], because (Pt) is irreducible and strongly Feller.
Let us prove absolute continuity of & with respect to *. Let U/Br be a
Borel set of H such that *(U)=0. Then for n>r we have
Pnt IU (x)=0, t>0, x # H.
Then by Lemma 2.5 it follows that
Pt IU (x)=0, t>0, x # H,
and thereby &(U )=0. Thus &<<*.
Finally let U/H be a set of positive Lebesgue measure. Since & is
invariant we obtain for t>0
|
U
\(x) dx=&(U )=|
H
\(x) PtIU (x) dx>0
by Proposition 2.6. Hence \>0 *-a.e. K
One can show, by standard arguments, that the mapping x  X(t, x) is
Fre chet differentiable and the derivative X hx in the direction h satisfies the
equation
{dX
h
x(t, x)=Fx(X(t, x)) X
h
x(t, x) dt+Bx(X(t, x)) X
h
x(t, x) dW(t),
X hx(0, x)=h.
(2.9)
If , # C1b(H ) then it may be easily checked that
DPt ,(x)=E(Xx*(t, x) D,(X(t, x))). (2.10)
Proposition 2.8. Assume Hypothesis 2.1. Then we have
sup
x # H
&Xx(t, x)&e|t |h| 2. (2.11)
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Moreover, for any , # C 1b(H ) we have
|DPt,(x)|e|tPt ( |D,| )(x), x # H. (2.12)
Proof. By the Ito formula we have, taking into account (2.2),
E |X hx(t, x)|
2=|h|2+2E |
t
0
(Fx(X(s, x)), X hx(s, x)) ds
+E |
t
0
tr[Bx(X(s, x)) Bx*(X(s, x))]) ds
|h|2+| E |
t
0
|X hx(s, x)|
2 ds.
By the Gronwall lemma it follows that
sup
x # H
|X hx(t, x)|e
|t |h|2, h # H,
that yields (2.11). Finally (2.12) follows easily from the identity 2.10. K
The following result is proved in [3], [14].
Proposition 2.9. For every , # Bb(H ), Pt, is Fre chet differentiable and
the following formula holds
(DPt,(x), h) =
1
t
E \,(X(t, x)) |
t
0
B&1(X(s, x)) X hx(s, x) dW(s)+ . (2.13)
Moreover, there exists c>0 such that
|Pt ,(x)&Pt,( y)|
ce|t
- t
|x& y| &,&0 , x, y # H. (2.14)
3. TRANSITION SEMIGROUPS ON L p(H, &)
We shall use the notations
&,&p=_|H |,(x)| p &(dx)&
1p
, p1,
340 DA PRATO AND GOLDYS
and
, =|
H
,(x) &(dx), , # L p(H, &).
It is well known that the semigroup (Pt) extends to a strongly
continuous semigroup of contractions on L p(H, &) for every p # [1, ). We
shall denote by L the infinitesimal generator of (Pt) on L p(H, &) and by
domp(L) the domain of the generator L in L p(H, &).
It is easy to see that
domp(L)=[, # dom1(L) : L, # L p(&, H )].
The following result will be useful in the remainder of the paper.
Proposition 3.1. Assume Hypotheses 2.1 and 2.3. Then C 0 (H) is a core
for L in L p(H, &) for all p # [1, ).
Proof. We shall prove the proposition for p=2. Let us first recall that
for any n # N, C 0 (Bn) is a core for L
n (the realization of L0 on C0(Bn) with
the Dirichlet boundary conditions). Therefore (I&Ln)(C 0 (Bn)) is dense in
C0(Bn). If , # C 0 (H ) then , # C

0 (Bn) for a certain n1. Since L,=L
n,
for , # C 0 (Bn) we find that there exists a sequence (n)/C

0 (Bn) such
that (I&L) n  , in C0(Bn). It follows that (I&L)(C 0 (H )) is dense in
L2(H, &) which concludes the proof. K
It follows from this proposition that for all p # [1, ) the operator
(L0 , C 0 (H )) has a unique extension in L
p(H, &) to a generator of strongly
continuous semigroup of contractions which may be identified with (Pt).
3.1. The Sobolev spaces W 1, 2C (H, &) and W
2, 2
C (H, &). In order to define
Sobolev spaces we need some regularity properties of the density \. This is
provided by the following result.
Proposition 3.2. Assume Hypotheses 2.1 and 2.3. Then for every r>0
inf
|x| r
\(x)>0, *-a.e. (3.1)
Proof. For a fixed n let Ln0 denote the restriction of L0 with the zero
Dirichlet boundary conditions in Bn . The operator Ln0 has an extension to
a generator of C0-semigroup (Pnt ) on C0(Bn). By the results in [1] the for-
mal adjoint of Ln0 (denoted by L
n
0* has an extension to a generator of a
strongly continuous semigroup o L1(Bn) denoted by (Pnt *). Moreover, it
was shown in [1] that C0(Bn) is semigroup reflexive and the semigroup
dual of L1(Bn) is precisely C0(Bn) and therefore the notation Pnt * is
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justified. Let , # C 0 (H ) be nonnegative with the support contained in Bn .
Then by definition of invariant measure and taking (2.7) into account we
obtain
|
Bn
,(x) \(x) dx=|
H
Pt,(x) \(x) dx
|
Br
Pnt ,(x) \(x) dx=|
Bn
,(x) Pnt *(\IBn)(x) dx.
It follows that
\Pnt *(\IBn), *-a.e.
Since by another result in [1] the function Pnt *(\IBn) is continuous and
strictly positive on Bn we find that \ has a modification which satisfies
(3.1). K
Remark 3.3. By the result in [4] \ # C 1+:loc (R
d ) for all : # (0, 1).
We define an operator DC acting in L2(H, &) by the formula
DC ,(x)=C12(x) D,(x), , # C 0 (H ).
We are going to show that DC is closable; we will denote its closure again
by DC .
Proposition 3.4. Assume Hypotheses 2.1 and 2.3. Then (DC , C 0 (H)) is
closable in L p(H, &) for all p # [1, ). If DC ,=0 for , # domp(DC)=0 then
,=const.
Proof. Let ,n  0 and DC,n   in L p(H, &) and &-a.s. By Proposi-
tion 3.2 this convergence holds also *-a.e. and in L p(Br , *), where Br is a
ball of radius r. It follows D,n  C&1 *-a.e. Since D is closable in L2(Br),
we have =0 on Br1 for any r1<r. Therefore =0 and DC is closable.
Assume that DC ,=0. Then there exists a sequence (,n)/C 0 (H ) such
that ,n  , and DC,n  0 in L2(H, &) and a.e. with respect to the
Lebesgue measure. Fix r>0 and consider , and ,n as functions on Br . By
Proposition 3.2
\0 := inf
x # Br
\(x)>0
and thereby
|
Br
|D,n(x)|2 dx
1
=\0 |H |C
12(x) D,n(x)| 2 \(x) dx  0.
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By the same argument
|
Br
|,n(x)&,(x)|2 dx  0.
Since D is closable in L2(Br) we find that D,(x)=0 a.e. on Br which
concludes the proof. K
We are now in a position to define the Sobolev space W 1, 2C (H, &). We set
W 1, 2C (H, &)=domain(DC).
W1, 2C (H, &) is a Hilbert space with the norm
&,&WC1, 2(H, &)=\&,&2+|H |C12D,| 2 d&+
12
.
Proceeding in a similar way one can define the Sobolev space W 2, 2C (H, &).
3.2. A Useful identity. The following result shows that the inclusion
dom2(L)/W 1, 2C (H, &) (3.2)
always holds.
Proposition 3.5. Assume Hypotheses 2.1 and 2.3. Then for any
, # dom2(L) we have , # W 1, 2C (H, &) and the following identity holds.
|
H
,(x) L,(x) &(dx)=&12 |
H
|DC ,(x)|2 &(dx). (3.3)
Proof. Let , # C 0 (H). Then ,
2 # dom2(L) and it is easy to check by a
direct computation that
L(,2)(x)=2,(x) L,(x)+|C 12(x) D,(x)|2.
Since & is an invariant measure we obtain
0=|
H
L(,2)(x) &(dx)
=2 |
H
,(x) L,(x) &(dx)+|
H
|C12(x) D,(x)|2 &(dx),
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and (2.3) follows for , # C 0 (H ). Let , # dom2(L) be arbitrary. Then since
C0 (H ) is a core, there exists a sequence (,n)/C

0 (H ) such that ,n  ,
and L,n  L,. By the first part of the proof we have for any n, m # H,
&DC(,n&,m)&22 &(,n&,m)&2 &L(,n&,m)&2 ,
and therefore (DC,n) is Cauchy. Since D is closable by Proposition 3.4, the
conclusion follows. K
The proof of the following corollary is standard.
Corollary 3.6. Assume Hypotheses 2.1 and 2.3. Let , # L2(H, &),
T>0, and set u(t, x)=Pt ,(x), x # H, t0. Then
u # C([0, T ]; L2(H, &)) & L2(0, T ; W 1, 2C (H, &)),
and the following identity holds.
|
t
0
&DC u(s, } )&22 ds=&,&
2
2&&u(t, } )&
2
2 , t0. (3.4)
The next result is a consequence of the general theory of Markov chains,
see for example [28] or [26] and it follows also from a theorem due to
Doob, see [11]. We prefer to give a direct proof based on the properties
of the semigroup (Pt).
Proposition 3.7. For every , # L2(H, &) we have
lim
t  
&Pt ,&, &2=0, , # L2(H, &), (3.5)
where
, =|
H
,(x) &(dx).
Proof. Step 1. We will show first that
lim
t  
(Pt ,, ) =,  , ,,  # L2(H, &). (3.6)
By (3.4) we have for , # dom2(L)
&Pt ,&22+|
t
0
&DC Ps,&22 ds=&,&22 , (3.7)
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and
&Pt L,&22+|
t
0
&DC PsL,&22 ds=&L,&
2
2 . (3.8)
It follows that
|

0
&DCPs,&22 ds+|

0
&DCPs L,&22 ds<, (3.9)
and therefore for f (t)=&DC Pt ,&2 we obtain
| f $(t)|=2 |(DCPt ,, DC Pt L,) |&DCPt ,&22+&DCPtL,&
2
2 .
Therefore f # W1, 1(0, ), and
lim
t  
f (t)=0. (3.10)
By (3.7) the functions t  &Pt ,&2 and t  &LPt ,&2 are bounded on [0, ).
Let tn A  be chosen in such a way that Ptn , converges weakly to
 # L2(H, &) and LPtn , converges weakly to g # L
2(H, &). Since L is weakly
closed we have  # dom2(L) and g=LPt. Now by (3.10) we have
DC =0 so that  must be constant which coincides with , and (3.6)
follows.
Step 2. We show that for a bounded Borel function ,,
lim
t  
Pt ,(x)=, , x # H. (3.11)
Since the semigroup (Pt) is irreducible and strongly Feller, then by a result
due to R. Z. Has’minskii, see [11], we have that the law of X(t, x) is equiv-
alent to &. Therefore there exists a function G such that for every bounded
Borel ,
P1,(x)=|
H
G(x, y) ,( y) &(dy),
where G>0 and G(x, } ) # L1(H, &). If
Gm(x, y)=min(m, G(x, y)), m1,
then Gm A G and Gm # L2(H, &). Since Pt , # L2(H, &) for all t0 and
&Pt ,&&,&, (3.6) yields
(Gm(x, } ), Pt ,)  (Gm(x, } ), , ) , m1, (3.12)
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and by the monotone convergence
lim
m  
(Gm(x, } ), 1) =(G(x, } ), 1)=1, x # H. (3.13)
Therefore, taking into account that P1, =, we obtain for t>1
Pt ,(x)&, =P1Pt&1,(x)&,
=|
H
(G(x, y)&Gm(x, y)) Pt&1,( y) &(dy)
+|
H
Gm(x, y)(Pt&1,( y)&, ) &(dy)
+|
H
(G(x, y)&Gm(x, y)) , &(dy)
=I1(m, t)+I2(m, t)+I3(m, t).
By (3.12) and (3.13) Pt&1, converges weakly to , for t tending to infinity
while
|I1(m, t)|+|I3(m, t|2 &,& |
H
(G(x, y)&Gm(x, y)) &(dy) ww
m   0
uniformly in t and (3.11) follows.
Step 3. Since &Pt &=1, it is enough to prove (3.5) for , bounded.
Now the proposition follows from Step 2 and the Dominated Convergence
Theorem. K
Let us consider the operator L with the domain C 0 (H ) as an operator
in L p(H ). Integrating by parts we find its formal adjoint
L*,(x)=div[ 12C(x) D,(x)&(F(x)&G(x)) ,(x)], , # C

0 (H ), (3.14)
where
Gi (x)= 12 :
d
j=1
DjCij (x), i=1, ..., d, (3.15)
and thus \ is a solution of the equation
div[ 12CD\&(F&G ) \]=0. (3.16)
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We now consider the special case when there exists \ # C1(H ) such that
1
2CD\&(F&G) \=0, (3.17)
which is equivalent to
D log \=2C&1(F&G). (3.18)
If (3.18) holds there exists a potential V # C1(H) such that D log \=&2DV
and we have
\(x)=
e&2V(x)
|
H
e&2V( y) dy
. (3.19)
If (3.18) holds we say that (1.4) is a gradient system. In this case, as we
shall see, the semigroup (Pt) is symmetric in L2(H, &), and L is self-adjoint
in L2(H, &).
In order to prove these facts we need a generalization of the basic iden-
tity (3.3).
Proposition 3.8. Assume, besides Hypotheses 2.1, 2.3, that D log \ #
L2(H, &; H ). Then for any .,  # C 0 (H ) we have
|
H
L, d&=&12 |
H
(CD,, D) d&
& 12 |
H
(2F&2G&CD log \, D,)  d&, (3.20)
Moreover, if in addition (3.17) holds L is self-adjoint in L2(H, &).
Proof. Let ,,  # C 0 (H ), then we have, integrating by parts
|
H
L, d&= 12 :
d
i, j=1
|
H
Ci, j (Di Dj ,) \ dx+|
H
(F, D,)  d&
=&12 :
d
i, j=1
|
H
(D jCi, j)(Di,)  d&& 12 :
d
i, j=1
|
H
Ci, j (Di,)(Dj) d&
& 12 :
d
i, j=1
|
H
Ci, j (Di,)(D j\)  dx+|
H
(F, D,)  d&,
and (3.20) follows. The last statement is clear. K
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The condition D log \ # L2(H, &; H ) is not easy to check. It is related to
the following assumption
F&G # L2(H, &; H ). (3.21)
Remark 3.9. If there exists x0 # H such that
sup
t0
E[|F(X(t, x0))| 2]<+,
it is easy to see that (3.21) holds.
Let us denote by F0 the closure in L2(H, &; H ) of
span[C12DU : U # C 1b(H, H )]
and let F1 be the orthogonal complement of F0 in L2(H, &; H ). We denote
by ?0 and ?1 the projection operators on F0 and F1 respectively. Finally we
set F=F0+F1 , with F0 # F0 and F1 # F1 .
Proposition 3.10. Assume that, besides Hypotheses 2.1 and 2.3, (3.21)
holds and that D log \ # L2(H, &; H ). Then we have
C12D log \=2?0(C&12(F&G )). (3.22)
Proof. By (3.20) with ,= we have
|
H
(CD log \&2(F&G ), D,) , d&=0
that is equivalent to
|
H
(C12 D log \&2?0(C &12(F&G )), C12D(,2)) ,. d&=0,
and the conclusion follows K
Example 3.11. We take C=I and F=&DU+S, where
div S=0, (DU(x), S(x)) =0, x # H.
Then it is easy to check that
div[ 12D\&F\]=0,
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where \=ce&2U. Thus \ is the density of &. In this case the condition
2F&D log \ # L2 reduces to S # L2.
3.3. Poincare inequality, spectral gap and logarithmic Sobolev inequal-
ity. We say that a Borel probability measure & on H fulfills a Poincare
inequality with respect to C if there exists ;>0 such that
|
H
|,&, |2 d&; |
H
|DC,|2 d&, , # C 1b(H ). (3.23)
We now show that the Poincare inequality implies exponential con-
vergence to equilibrium of the semigroup (Pt) or, equivalently existence of
a spectral gap for L.
Proposition 3.12. Assume, besides Hypotheses 2.1 and 2.3, that & fulfills
(3.23). Then we have
&Pt,&, &2e&t2; &,&2 , t0. (3.24)
Consequently for the spectrum _2(L) of L in L2(H, &) we have
_2(L)"[0]/{* # C : Re *& 12;= . (3.25)
Proof. Let
L20(H, &)=[, # L
2(H, &) : , =0].
Then L20(H, &) is invariant for (Pt), and we have only to show that
|
H
,L, d& &
1
2; |H |,|
2 d&, , # L20(H, &) & dom2(L). (3.26)
We have in fact by (3.3) and (3.23)
|
H
L,, d&=&
1
2 |H |DC ,(x)|
2 d&&
1
2; |H |,|
2 d&, , # dom2(L). K
A sufficient condition in order that a Poincare type inequality holds is
that L satisfies the logarithmic Sobolev inequality, that is if
|
H
|,(x)| p log |,(x)| p +(dx)c( p)(&L,, ,p) +&,& pp log &,& pp (3.27)
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for , # domp(L) and p>1, where ,p=sgn , | ,| p&1 and c( p)<. If p=2
then in view of (3.3) inequality (3.27) takes the form
|
H
|,(x)| 2 log |,(x)| 2 +(dx)c(2) &DC,&2+&,&2 log &,&2. (3.28)
By the result of [25] inequality (3.28) with the constant c(2) implies the
Poincare inequality with the constant
c(2)
2 .
Theorem 3.13. Assume, besides Hypotheses 2.1 and 2.3, that |=&’<0
and #=supx &C(x)&<. Then (3.27) holds with
c( p)=
#
4’=
p2
( p&1)
.
Proof. In the proof we follow the method from [13] presented in the
proof of Theorem 6.2.42.
Step 1. Let , # C 2b(H) and let ,$>0. Then
|
H
L, log , d&=&
1
2 |H
1
,
|DC,| 2 d&. (3.29)
We have in fact
L, log ,=&,L log ,+L(, log ,)&(DC ,, DC(log ,)). (3.30)
Moreover, since
DC log ,=
1
,
DC , and D2C log ,=
1
,
D2C ,&
1
,2
DC,DC ,,
we have
L log ,=
1
,
L,&
1
2,2
|DC ,|2.
Substituting in (3.30) we find
L, log ,=L(, log ,)&L,&
1
2,
|DC ,| 2.
Now (3.29) follows integrating in H and taking into account the invariance
of &.
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Step 2. Conclusion. Let u(t)=Pt (,2) log[Pt (,2)], where ,$>0.
Then we have
u$(t)=LPt (,2) log[Pt (,2)]+LPt (,2).
It follows
u(t)&u(0)=Pt (,2) log[Pt (,2)]&,2 log(,2)
=|
t
0
LPs(,2) log[Ps(,2)] ds+|
t
0
LPs(,2) ds.
Integrating with respect to &, and taking into account (3.29), we find
|
H
Pt (,2) log[Pt (,2)] d&&|
H
,2 log(,2) d&
=|
t
0
ds |
H
LPs(,2) log[Ps(,2)] d&
=&
1
2 |
t
0
ds |
H
1
Ps(,2)
|DC Ps(,2)|2 d&. (3.31)
Now, recalling (2.10) and using the Ho lder estimate, we find
|DCPs(,2)|2
#
=
e&2’s[Ps( |DC(,2)| )]2
=
#
=
e&2’s _Ps \, |DC(,
2)|
, +&
2

#
=
e&2’s[Ps(,2)] Ps \ |DC(,
2)|2
,2 +
=
4#
=
e&2’s[Ps(,2)] Ps( |DC,| 2).
Therefore
1
Ps(,2)
|DCPs(,2)|2
4#
=
e&2’sPs( |DC,|2). (3.32)
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Substituting (3.29) into (3.31) gives
|
H
Pt (,2) log[Pt (,2)] d&&|
H
,2 log(,2) d&
&
4#
= |
t
0
e&2’s ds |
H
|DC,| 2 d&
=&
2#
=’
(1&e&2’t) |
H
|DC,|2 d&. (3.33)
Letting t  + in (3.33) and recalling Proposition 3.5, we find
(,2) log[(,2)]&|
H
,2 log(,2) d& &
2#
=’ |H |DC ,|
2 d&,
which proves (3.28) for p=2 and ,$>0 such that ,&,(0) # C 0 (H ).
Approximating any , # dom2(L) such that ,>0 with the functions - ,2+ 1n
and passing to the limit in (3.33) we prove (3.28) for any ,0 such that
, # W 1, 2C (H, &) and subsequently for any , # W
1, 2
C (h, &). Finally, by the
result of [16] (3.28) yields (3.27) for all p>1 with the desired constant. K
The next corollary is an immediate consequence of Theorem 3.13 and the
result in [16].
Corollary 3.14. Assume, besides Hypotheses 2.1 and 2.3, that
|=&’<0 and #=supx &C(x)&<. Then
&Pt &L p(&)  L q(&)=1, (3.34)
for every t>0 and
q=1+( p&1) e4’=t#.
Theorem 3.15. Assume, besides Hypotheses 2.1 and 2.3 that |=&’<0,
and supx # H &C(x)&<+. Then the embedding of W 1, 2(H, &) into L2(H, &) is
compact and the semigroup Pt is compact in L p(H, &) for all p # (1, ).
Proof. Let
U=[, # W1, 2(H, &) : &,&W1, 2(H, &)1].
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Since the density \ is bounded from below, then by the Rellich theorem for
any r>0 the set [,IBr : , # U] is relatively compact in L
2(Br , &). Moreover,
since limr   &(Bcr)=0, for any n # N there exists Rn>0 such that
|
Br
c
|,(x)|2 &(dx)
1
n
, , # U. (3.35)
Consequently there exists a sequence (, (n)k ) in U that is pointwise
convergent on L2(BRn , &). Thanks to (3.35) and using a standard diagonal
procedure we can construct a sequence (,k) in U that is pointwise
convergent to some function ,. But, by Theorem 3.13, U is uniformly
integrable and consequently ,k  , on L2(H, &).
Let us prove the last statement. Since (Pt) is bounded on L1(H, &) and
on L(H, &) it is enough to show compactness for p=2 and then to apply
the interpolation argument.
By Proposition 2.9 Pt , # W1, 2(H, &) for all t>0 and , # L2(H, &) and
moreover
&DC Pt,&ct&12 &,&.
It follows that the set [, # L2(H, &) : &.&1] is bounded in W 1, 2(H, &)
and the compactness follows from the first part of the proof. K
Remark 3.16. Assume that L is symmetric and that the embedding
W1, 2(H, &)/L2(H, &) holds. Then (Pt) is compact for any t>0, and the
spectral gap property holds for any | # R.
To show compactness of the embedding above one can use the following
result, see [23] and [24].
Proposition 3.17. Assume that \ # C2(H ) and
lim
|x|  
2 - \
- \
=+. (3.36)
Then the embedding
W1, 2I (H, &)/L
2(H, &)
is compact.
Let for example H=R, F(x)=*x&x3, B(x)=1. Then we have \(x)=
ce&12(x4&2*x2), and (3.36) holds.
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4. REGULARITY RESULT
In this section we are interested in some regularity result for the solution
,=R(*, L) f of the equation
*,&L,= f, (4.1)
where *>0 and f # L2(H, &).
A first result is the following.
Proposition 4.1. Assume that Hypotheses 2.1 and 2.3 hold. Let *>0
and f # L2(H, &). Then ,=R(*, L) f belongs to W 1, 2C (H, &). Moreover the
following estimates hold,
|
H
|,(x)| 2 &(dx)
1
*2 |H | f (x)|
2 &(dx), (4.2)
and
|
H
|C12D,(x)|2 &(dx)
1
2* |H | f (x)|
2 &(dx). (4.3)
Proof. Multiplying (4.1) by ,, integrating on H, and recalling Proposi-
tion 3.5, we find
* |
H
|,|2 d&+ 12 |
H
|C12D,|2 d&=|
H
,f d&.
Therefore (4.2) follows. Now we end the proof by using the Ho lder
estimate and (4.2). K
4.1. The case when the transition semigroup is symmetric. Here we
assume that L is symmetric, so that we have
|
H
L,, d&=&12 |
H
(CD,, D) d&. (4.4)
We are going to characterize the domain of L. For this we need an identity.
Proposition 4.2. Let , # C b (H ), *>0, and f =*,&L,. Then the
following identity holds
* |
H
(CD,, D,) d&+ 12 |
H
Tr[(CD2,)2] d&&|
H
(CDF } D,, D,) d&
=2 |
H
f 2 d&+R, (4.5)
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where
R=&2* |
H
,f d&
+ 12 :
h, k, :, ;
|
H
[Ch, k (Dh C:, ;)&Ch, :(DhC:, ;)](D:D;,)(Dk,) d&.
(4.6)
Proof. We start from the identity
*Dh,&LDh ,& 12 :
d
:, ;=1
(Dh C:, ;)(D:D;,)& :
d
:=1
(Dh F:)(D: ,)
=Dh f.
Multiplying both sides for Ch, kDk,, integrating with respect to &, taking
into account (4.4), and summing up on h and k, we obtain
* |
H
(CD,, D,) d&+ :
h, k, :, ;
|
H
C:, ;(D;Dh ,) D;(Ch, k Dk ,) d&
&12 :
d
h, k, :, ;=1
|
H
Ch, k (Dh C:, ;)(D:D;,)(Dk,) d&
& :
d
:=1
|
H
Ch, k (Dh F:)(D:,)(Dk ,) d&
=|
H
(CD,, D,) d&.
But, again by (4.4),
|
H
(CD,, D,) d&=&2 |
H
L,f d&=2 |
H
f 2 d&&2* |
H
,f d&;
thus the conclusion follows. K
Theorem 4.3. Assume, besides Hypotheses 2.1 and 2.3 that there exist
M1 , M2>0 such that
(C(x) DF(x) y, y)M1 | y|2, x, y # H, (4.7)
&C(x)&+&DkC(x)&M2 , k=1, ..., d, x # H. (4.8)
Then D(L)=W 2, 2I (H, &).
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Proof. By (4.6) we see that for any =>0 there exists C=>0 such that
|R|= :
d
i, j=1
|
H
|Di Dj,|2 d&+C(=) :
d
i=1
|
H
|D i,|2 d&.
Now the conclusion follows easily by (4.5) and (4.2). K
4.2. The Nonsymmetric Case
We assume here that, besides Hypotheses 2.1 and 2.3, D log \ #
L2(H, &; H ). Then we can give a generalization of the identity (4.5). In its
formulation we use the following notation
Z=CD log \&2(F&G ).
Proposition 4.4. Let , # C b (H ), *>0, and f =*,&L,. Then the
following identity holds
* |
H
(CD,, D,) d&+|
2
1
|
H
Tr[(CD2,)2] d&&|
H
(CDF } D,, D,) d&
=2 |
H
f 2 d&+R1 , (4.9)
where
R1=&2* |
H
,f d&&|
H
(Z, D,) f d&& 12 |
H
(D2, } C‘, D,) d&
+ 12 :
h, k, :, ;
|
H
[Ch, k (Dh C:, ;)&Ch, :(DhC:, ;)](D:D;,)(Dk,) d&.
(4.10)
Proof. The proof is similar to that of Proposition 4.2 and it will be
omitted. K
Theorem 4.5. Assume, besides Hypotheses 2.1 and 2.3 that D log \ #
L(H, &; H ), and there exist M1 , M2>0 such that
(C(x) DF(x) y, y)M1 |y|2, x, y # H, (4.11)
&C(x)&+&DkC(x)&M2 , k=1, ..., d, x # H. (4.12)
Then D(L)=W 2, 2I (H, &).
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